Online Appendix for “Inference for Factor-MIDAS
Regression Models”

Abstract

presents the primitive assumptions necessary for proving the results
in the main text. Appendices [B] and [D] provide the proofs of the results in the main

text. Appendix [C] presents the bootstrap procedure for the factor-MIDAS regression
model. contains additional simulation results. Finally, in we

include an additional empirical result, which is omitted from the main text.



A Primitive assumptions

This section delivers the primitive assumption for asymptotic theory. The factor-augmented
MIDAS regression involves two frequencies, thus we use two time indices: t, = 1,...,Ty
denotes the high-frequency time index and ¢ = 1,...,7T denotes the low-frequency time
index. Particularly, we use a subscript h to denote high-frequency time index (e.g. s also

denotes the high-frequency time index).
Assumption A.1 (Factors and Factor Loadings)

(a) fi, are stationary with E|f.,||* < M and ﬁZTH fo It 5 Y¢ > 0, where Xy is a

th=1

non-random r X r matrix.

(b) The factor loadings X\; are either deterministic such that | \;|| < M, or stochastic such
that E|X||* < M. In either case, NA/N L S\ > 0, where Sy is a non-random

matriz.
(¢) The eigenvalues of the r x r matriz (X,X¢) are distinct.

(d) f'f/Tg = 1. and N'A is a diagonal matriz with distinct entries, where f = (f1,..., fry)

Assumption A.2 (Time and Cross Section Dependence and Heteroskedasticity)

(a) E(eis,) =0,Ele;, |2 < M.

(b) E(ei7the.j’5h) = Oijtnsns |O-ij7th5h| < 5ij fOT’ all (thvsh) and |aij,th8h| < Ttpsh fOT all (173)

LN - 1 N~Tn 1
such that 3705 <M, 7-3° Tonsn < M, and =32, o |00, < M.

th,sp=1

_ 4
(¢) For every (th,sh),E‘N 1/2 Zi]L(ei,thei,Sh — E(ei,thei,8h>>‘ <M.



(d) E(eit,€j,) = 0i; and E(e;t, ej,—k) = 0k for all t and k.

Assumption A.3 (Moments and Weak Dependence Among {f;, },{\;} and {e;.,})

N T
((1,) E (% Zi:l H ﬁ Ztthl fthei,th

2
) < M, where E(f,ei1,) =0 for all (i,t3).

2
<M.

N
(b) Por cach th, B | X0 S, fo(einnion = Eleiny i)

2
(¢c) E H\/ﬁ 23;1}121 ftheghAH < M, where E(fy, Neir,) =0 for all (i,tp).

2
(d) E (ﬁ Z;LH:1 \/LN SN Neia, > < M, where E(Ne;s,) =0 for all (i,tp).

(e) As N — oo, % Efil Zjvzl AiXseq €5, =T Ly 0 andT = limy o, Var (\/LN Zf\il )\ieiyth>.
Assumption A.4 (Serial Dependence between {f:,}, {\;} and {ei.,})

T P , :
(a) ﬁ Yoty foft,—k = Xpk, where Xpy is a non-random r X r matriz.

2
(b) For each ty, and all k, E H \/’.Iﬁ zle Zf\il fsn (€t €5, —k — E(eivthei,sh—k))H <M.

2
(c) E H\/]\}TH Z;Hzl fthegh_kAH < M, where E(fi, Nieir, —x) =0 for all (i,t,) and all k.

. ANe Ney,
(d) As N — oo, % Zf\il Zjvzl AiNi€it, €5t —k—Lk 2y 0 and Ty, = limy o, Cov < \/%7 x/t;LV k)

Assumption A.5 (Weak Dependence Between Idiosyncratic Errors and Regression Errors)

2
(a) For each t, E ‘ﬁ S et Dois s(Cotgymeiss—jpm — BlCisjmeis jm))| <M forj =
0,...,m—1.

2

(b) EHﬁ Zthl Zfil Ni€it—jmet]| < M, where E(Nie;—jmer) = 0 for all (i,t) and

7=0,...,m—1.




Assumption A.6 (Moments and CLT for the Score Vector)
(a) E(g;) =0 and E |g,|* < M.

(b) E ||ga,tH4 < M and %Zthl 9o,t9ent Lo > 0 where Gat = 0g(F}, o)/ Ocr.

2

(¢c) AsT — oo, \/LT S Gaut N N(0,9), where E‘ <M

1 T
T D i1 Ya et

and Q = limp_,o, Var <¢LT ST ga,té‘t> > 0.

Assumption are standard assumptions on the factors and the factor loadings in the

factor analysis. Additionally, we assume that the factors are stationary. This is to allow

Yy = plim ﬁ ZZ;H:1 feoft, = plim Zthl fe—jjmfi_jjm» for all j. Assumption A.1t(d) is one

of the identifying restrictions from |Bai and Ng (2013). By imposing this assumption, the
rotation matrix Hy is a diagonal matrix of +1, where the sign is determined by ff /Th.
However, since the true factors are unknown, we still do not know the sign of the rotation
matrix.

Assumption and Assumption can be found equivalently in (Goncalves and Per-
ron| (2014)) (henceforth, GP (2014)) (their Assumptions 2 and 3, respectively). In Assump-
tion[A.2] we allow weak cross-sectional and serial dependence in the idiosyncratic error terms.
In Assumption [A.3] we impose some moment condition between the factors, idiosyncratic
error terms, and the factor loadings. We also allow some weak dependence among them.
Due to the MIDAS structure, where the lags of the factors are used, we also allow some serial
dependence between them in Assumption[A.4] This set of assumptions is new in the context
of the factor-augmented regression models. In particular, Assumption (d) allows for the
serial dependence in the scaled average over cross-sectional dimension of factor loadings and

idiosyncratic error term in the factor model.



We impose some weak dependence between idiosyncratic error terms and the regression
errors in Assumption This Assumption is equivalent to the Assumption 4 in GP (2014).
Assumption imposes some moment condition on {e;} and the score vector g, . Assump-
tion (b) requires that we can apply a law of large numbers on {ga.g;,,}. By introducing
Assumption [A.6}(c), we can apply a central limit theorem on {g, &,}. Similar assumptions

to Assumption and can be found in GP (2014).

B Proof of results in Section 2

In this section, we prove the asymptotic distribution of NLS estimators in Theorem 2.1 and
Theorem 2.2, the consistency of the variance-covariance of the cross-sectional average of the
factor loadings and idiosyncratic error term across time for the plug-in bias estimator. To

prove the asymptotic distribution, we use the following lemmas. The proof for the following

lemmas [Lemma B.1|to |[Lemma B.3| can be found at the end of proof of Theorem 2.1.

Lemma B.1 237 «(F(0) — HF,(9)) = 0,(1).
Lemma B.2 For j,1=0,....,m —1, if VT/N = ¢, where 0 < ¢ < 00,
(@) 5 Yies(Fimjm = HE ) (fimsm — H fi—jym) = ¢V " HDHV ™! 4 0,(1),
() 7 i (Fijym = H fojpm) Fecipm = H fropm) = eV HE, HV ! 0,(1) for j # 1,
(c) \/LT 25:1 Hft—j/m(ft—j/m — Hfijm) = cHITQ'V ™2 4 0,(1),
(d) S5 i Hfrtym(Foipm = H frgym) = cQsiLQV "2+ 0y(1) for j #1.

Lemma B.3 If \/T/N — ¢, where 0 < ¢ < 00,



(a) J= 3oL, (Fi(0) — HF(0))(F(0) — HF,(6))'

= VIQ{ I wnO)Pwn(0) + XIS, S wn(O)Te-run(8) } V1 + 0,(1),

(b) Jr I (Fi(6) — HE(9))(HF(0))
= o { w0 H + X Sl e 0)Qenun(9) | TQV 2 4 0,(1),

Note that we write F,(6) = S1_, Wi (0) fr—km» where wy,(0) = diag(w,1(01), - . ., Wiy (60;))
is a 7 x r diagonal matrix. We also define dyp,, = min(v/N, v/Ty). We first prove Theorem

2.1 and then we prove Lemmas -B3

Proof of Theorem 2.1. As the NLS estimators & maximizes the objective function

Qr(a) = —% ZtT:l[yt — g(F,, a)]?, we have
- 1 - T
VI = o) = =|7 2 HE, ar)] f > s(Fiv0), 1)
where ar is the intermediate between & and o and H(F}, @) is a hessian matrix and s(F}, a)
is a score vector. For deriving the asymptotic distribution, we analyse the convergence of

each term. Let g,(-) = 0g(-)/0a. We write the term with a score vector as follows.

T
ONLTE

5t + B H ' (HE(0) - F(0))]ga(F, )

3\

5t+6/H (HF(0) —Ft(G))](%ga(Ft,a)JrPt),

3\

where where &y = diag(1, Ho, I,) and Hy = plim H and P; is a (1 + 7 + p) x 1 vector such

that
] 0 _
b= E,(0) — HF,(0) ,
(Y0m - 250 )



with aFt(a = diag (aF”(a ), ey %ﬁ*)) is a r X r block-diagonal matrix. k-th block is

8Fk7t(0k)/89k, which is a p; x 1 column vector, for j =1,...,r. Under Assumption and

Lemma B.1, we have \/LT Zthl £19al(Fi, @) 4, N(0,Pp2®(). The remaining term drives the

bias in Theorem 2.1. Note that the bias exists in the slope coefficients §; and the weighting

parameters 6. With respect to 31, the remaining term is as follows.

TZF JHF,(0) — E,(0)H Y3

~

= S(R(6) ~ HEO)(F(6) ~ HE( Z HE(0)(F(6) — HE(0)) | HV 8,

V_IH {Z wk(G)ka(Q) + Z Z wk(Q)Fk_lwl(Q)} HV_l

k=1 k=1 l#k

~

= —c

+ {Z wi(0) Hwy(0) + ) > wk(Q)lewl(G)} I'Q'V 2| plim(5,)
k=1 k=1 1#£k
= —cBg, +0p(1), (2)

where plim(3,) = H~" ;. The second equality follows by applying [Lemma B.3| Similarly,

with respect to 6, we have

T /
\/17 > a}:;(;) H™ i3 H [HE(0) — Fy(0)]
t=1
T
= H o > RO @) - HEOHS
t=1 ‘) a
- —cphm(Bl) °© VlH{ L ZZ w(6 Fklwl(9>} HV !
k=1 k=1 l#k
K K K
k=1 k=1 l#k
= —cBy + 0p<1)’ (3)



where ﬁ’tﬂ (0) = <%, o %@)l. To apply the lemmas, we use the Hadamard product
such that (A o B);; = A;;B;;. By applying Hadamard product, we have aFt 0) H'p =
H'Vpo Ft,9(9> to obtain the first equality. Then, we apply |[Lemma B.3| for the second
equality. Finally, we have \/LT ST s(Fa) 4N (—cBa, PoQ2P)). Next, we derive the term

with Hessian matrix. First, we rewrite the first term in as follows.

1 « d 8%g(Fy, d E ) 09(F;, )
= (Fy,a) = + B H Y (HE(0) - F(0)| Z20 = i
T tZ1 t Z [gt t ] Oado! Z oo

Under Assumption |A.6| and [Lemma B.1| + Zt LEt aag;a) = 0,(1). We can also show that

-1 ST BHY(F(9) - HFt(Q))E)Qg(F“O‘) = 0,(1). Finally, for the second term, we have

dada’
T
Ft7 ag Ft7 )
g S g = 205 + 0,(1) (4)

U

where X = F [MM} by replacing ag( 1) with @, 29 Ft 99tl'0) L p, Then, by |Lemma B.2

we have %ZtT:lga(Ft,a)Pt’ = 0,(1) and %Zthl P,P] = 0,(1). By plugging the terms, ,

@), and (@) into (@), we have VT(&@ — a) L N(—c(®eEP)) "' B,, &5 'S 1O8 105 0). m

Next, we prove [Lemma B.IHB.3] which we used to prove Theorem 2.1. We can obtain

by applying the arguments in the proof of Lemma 1.1 in GP (2014). The proofs
for (a) and (c) in are also similar to the proof of Lemma A.2 - (a) and (b) in GP
(2014). Therefore, here, we show the proof for (b) and (d) in|[Lemma B.2 While we employ
similar arguments to those in GP (2014) to prove (b) and (d), our proof relies on a new
set of assumption, specifically Assumption A.4. This highlights the importance to account
for serial dependence in the idiosyncratic error term in our framework, representing a novel

contribution to the literature.

Proof of - (b). First, we use the identity for the factor estima-



tion error in GP (2014) such that f,, — Hfth = V1 (Ayy, + Aoy, + Asyy, + Asyy, ), where

_ 1 — 1 — 1 —
Al,th - E sp= 1fsh75ht;L Ach - TH fsthhth A3th - TH fshnshth’ a‘nd A4th -

TH Z fshgshth Each term in A;;, for i = 1,2, 3,4 denotes the following: 7s,,, = F (% Zf\il ei,shei,th),

I
; Negy, Aesh N

N
Cshth - % Zi:l (eivsheiﬂfh - E(6i75h6i7th))7 Nsptn, = Jsp, N and gshth f

= N,s,- Under

this identity and using the low-frequency notation, we have

1

T
ﬁ Z(ft—j/m - Hft—j/m)(ft—l/m - Hft—l/m)/
t=1
1 o[-
ﬁ Z |:V_1<A17t7j/m + A2»t7j/m + A?’:t*j/m + A47t7.7'/m)
t=1

X(Avg—im + Azp—iym + Asi—i/m + A4,t—l/m)/‘7_1] )

for j =1,...,m—1. We analyse the convergence limit of each term, respectively. The proof

is similar to the proof of Lemma A.2 - (a) in GP (2014). By applying the Cauchy-Schwarz in-

%Z;le Al,t—j/mAll,t—l/mH < (% Zf:1||A1,t_j/ml|2> v (% ZtT1||Al,t—l/m||2>1/2 =
0,(1/T), by Assumptions [A.1land |A.2| This implies % ZtT:l AvpjmAL ) = 0p(1). We

%ZL AQ,t—j/mA/Q,t—l/mH < (% ST HA27t_j/mH2>1/2 (% ST HAQ,t_l/mH2)1/2 —
Op(N~'057, ) by Cauchy-Schwarz. We also use S Ao jyml? = Op(N71047,) by As-

equality, we have

sumption |A.2| and ﬁz% fs = HE? = Op(éj_VQTH) in Bai and Ng (2006)). Again, this

implies \/LT ST Agy ymAy s 1ym = 0p(1). Similarly, we can show all the terms are neg-

ligible, except the term %Z?zl Asi—jymAs i/ In fact, this term is Op(1/N), which is
non-negligible when it is multiplied by v/7' under our assumption, /7T /N — c. To see this,

we first rewrite the term as follows.

1 T 1 <5 1 &, - /
T ; A3,t—j/m‘4g5,tfl/m =7 ; <E ;(fs —Hf,+ Hfs)ns,t—j/m> (E ;(fs —Hf,+ Hfs)ﬁs,t—l/m>

= bs31 + bgzo + by o + D333



The first term b33 is bounded by (ﬁ ZZ& Hfs — HszQ) <ﬁ Zthl ESTi’l !ns,t_j/mﬁs,t—z/mD

by applying Cauchy-Schwarz inequality. This is O,(N~'047, ) by ﬁ S szzl Nsp,t—j/m|? =
O,(N~1) under Assumption Similarly, the second term is bounded by Cauchy-Schwarz

(o= H1)|) (2 S 24 ot smitoa-iml ) = Op(N 1355,
Then, the final term is bggs = H <%> [% ST (Afa&j/m> (e;,%mA)} ( %) H = O,(N)

by Assumption [A.3] Thus,
Z A Ct— ]/m 6;—l/ml\
T VN

where we use = I, by Assumptions|A.1}(d) and [A.4}(d). Finally, we have \/LT Zthl(f:t—j/m—

such that b33 o < (ﬁ 2351

VT3 = H =cHT;_ H + 0,(1),

Hﬁﬁmﬂﬂwm Hf™), Y = V- BT, (HV " 4 0,(1). m

Proof of - (d). The proof is similar to the proof of Lemma A.2 - (b) in

GP (2014). By using the identity we use in the proof of [B.2}(b), we have

T
Z ft l/m ft —j/m — Hftfj/m),: \/_th l/m Alt J/m+A2t ]/m+A3t J/m+A4t ]/m) V_l

3\

= \/TH(dfl + dfg + dfg + df4)‘~/_1

We show the convergence limit for dy;, for ¢ = 1,2, 3,4. We can show that all the terms except
dy4 is negligible. For example, df; = O,(0y7, T~ /%) +0,(T"). To show this, we first rewrite
dfl as % Zthl ft—l/m (ﬁ Zfiﬁ(fs - Hf8>/'78,t—j/m> +% Zt:l ft—l/m (ﬁ ngl f;’Ys,t—j/m) H'.
The first term of dy is Op((;;,ITHTfl/Q) by applying Assumptions|A.1HA.2land TL ZSh L fs—

Hf|)?* = Op(éj_VQT ). The second term is O,(Tj;") by Cauchy-Schwarz inequality and Assump-

tions and [A.2] We can also show that ||dfs|| = O,((TN)~*/?) by showing

) H Zt L fr—tymGo— ]/mH = O,((TN)~!) under Assumption|A.4t(b). The third term

T

is also bounded by Cauchy-Schwarz inequality such that ||dss]| = O,((NT)~*/2) and by ap-

10



plying Assumption (C) Finally, we decompose the last term into two parts as follows.
1 & 1 & 1 1 T
dps = — —l/m | 77 ~S_I—Is/sf'm T —l/m | 77 /sf'm H'
f4 th;ft l/ (TH ;(f f)g,t 5/ > _I'th;ft l/ (TH;fsg t—3/ >

= df4.1 + df4.2.

By rearranging the second term, we have d 4o = ; <% 23:1 ft—l/mftl,j/m> (x/TT ZTH Ne sfs> =
and . . We can also rearrange the terms in

O,(1/(\/TuN)) by Assumptions m—

the first term and write it as follows.
T Ty
1 1 ~ ANe
dig1 = — E “Um | =— E s — Hf,) u
f441 T pa ft l/ TH = (f f) (ft j/m N )

1 T ) 1 A/
= f;ft—l/mftj/m THZ N (f Hf) ) -

s=1

This is O,(1/N) under our assumptions. By using ﬁZZHl A]\?S(f Hf,) = &+

0,(1))Q'V ™1, from the proof in GP (2014), we have

T
\/Tde4.1 =H (% ; ft_z/mft'_j/m> <§(F + op(l))Q/v1> = cQ; . TQ'V™" + 0,(1)

Thus, VTdpa V! = eQiulQ'V " 40,(1), where Qi = 1 Yoy JijymSitim = 7y 02 Jefimti--

11



Proof of - (a). We write the equation as follows.
T
>_(F 0))(Fi(0) — HF(0))
t=1
/
Zw] ft —j/m — Hftfj/m ] [Zw] ft j/m — Hft]/m)]

T
_T > (Freijm = Hfrjm) frjim — Hft—j/m)/] w;(6)
t=1

3~

aw

ij

M=

J

K K 1 T R ]
+ wi(0) |—= Y (fimjym — Hfrjm)(fr—tym — H friym)’ | wi(0)
220 | g = sl = Hfc
:cV_lQ{ZwJZ F+Zzw3 L qwy (0 }QV + 0p(1).
Jj=1 J=1 l#j

By applying Lemmas [B.2}(a) and (b), the result follows immediately. m

Proof of - (b). Similar to previous proof, we rewrite the equation as

follows.
% S HE(6)(F(9) — HE(9))
Z wj(e)Hftj/M)] [Z w; (0)(fo—jm — Hftj/m)]

| ;
ﬁ Z Hft—j/m(ft—j/m - Hft—j/m),] wj(e)
t=1

MNEH

:2
£ o
=1 1#j

= {Z wiO)H+) ) wj(e)cgj_,w,(e)} TQV2 +o0,(1).
j=1 J=1 I#j

By applying Lemmas [B.2}(c) and (d), the result follows. m

wl(G)

T
1
ﬁ E Hfi- I/m ft —j/m — Hft—j/m)/
t=1

Next, we prove Theorem 2.2 and Proposition 2.1. To prove Theorem 2.2, we first prove the

case when there is no cross-sectional dependence (only serial correlation) in the idiosyncratic

12



term in the factor model, and then we prove when the cross-sectional dependence is allowed.

Proof of Theorem 2.2.

If the idiosyncratic terms are serially correlated, but not cross-sectionally correlated, note
that Ty = llmpy_eo % Zf\il NN, E(ei4, €it,—k). Recall that the estimator for I'y under serial
dependence without cross-sectional dependence is fk = m ZZLsz 41 Zf\il S\iS\;éi,th City—k-
To show that T'y— Hy YT, Hy' — 0, we can use the arguments in the proof of Theorem 6 in Bai
(2003). In fact, we can use the fact that é;;, = e;, +Op((5;,1TH) and \; = HV)\; ~|—Op((5;,1fH),

and rewrite fk as follows.

Ty N
- 1
Fk = H_I/— )\i>\;6i,t €it _kH_l +o (1)
N(Ty — k) thzk—&-l 'LZI S !

1
Ty—Fk

I — Hy VT H B 0.

) T,
Since we have ZthH:kJrl €it,Cit—k — Eleis,eir,—r) and H — Hy, we can show that

Next, we prove the case when the idiosyncratic terms are serially and cross-setionally

correlated, we can use the arguments in the proof of Theorem 4 in |Bai and Ng| (2006)). Un-

. . ~ . 1 TH ~ ~
der |[Assumption A.2{- (d), we have 0;;, = E(€;y,€j1,—k)- Let &ij, = TR Zth:kﬂ €ity City—k

and T = %Z?:l Z?:1 oijeNiNj. By the definition, T'y = limy, oo g Let Cop =

% > Z;”Zl Gijx AN Then, we can write
I, —H VI W H =T, —H VT, H  + H YT — o) H  + H Y (D — Do) H L

Since I'y is the limit of I'y, , we have I',, — I'y — 0. The remaining parts to show are

Lok — Dok 20 if n/N — 0 and n/Ty — 0 and [y — ]EV*FI_},M-]*1 25 0. We first rewrite

13



Iy — Dy as follows.

3 1 n n B
Lo —Thi= - Z Z(Uz’j,k — Oijk) NN

i=1 j=1
1 n n 1 Ty
/
= — g g g €it,Citn—k — Oijk) N\
n L Ty — k (Zth w)z]
i=1 j=1 th=k+1
n n T
5 P) DRI ST IR Y
- = Citn\Citn—k — Cjtn—k)NiN;
n 4 4 TH _ ]{ Ll \ D5t Jslh 7%
=1 j=1 tp=k+1
n n T
5 9) DL STPRTCIE e
—_ — e‘,t _k C',t J— C',t . .
n 4 . TH —k Jsth (2173 1,lp ) Mg
i=1 j5=1 th=k+1
n n T,
1 1 a 5 5 ,
+=30% T % Y (Citn = i) (Chant — Chan—r) NiX]
n < - H
=1 jil th:k+1

=+ II+IIT+1V,

where we obtain the second equality by using the decomposition such that €;4,€;+, —x =
€irtyCitn—k — ity (Citn—k = Citn—k) — €jtn—k(Ciy, — City,) + (City, — Ci,)(Cjty—k — Cjit—k), Where
Cisy = M fy, and c;y, = Nofi,. We can show that I is O,((Ty — k)~"/?) since it is zero mean
process. By using ¢;;, — &, = (H™V\; — S\j)’fth + )\;Hfl(Hfth — fth) and following Bai and
Ng (2006), we have IT — 0 if \/n/Ty — 0 and n/d% 5, — 0. Similarly, we have I1T — 0 as
n/ 6]2VTH — 0. Finally, for IV, by Cauchy-Schwarz inequality, we have

9\ 1/2 o\ 1/2

1
Tk

T
1
IV <
Ivis (7 >
th=k+1

tp=k+1

1 < ~ 1 < _
% Z(Ci,th — Ci )i % Z(Cj,th—k = Citn—k)Aj
=1 =1

Since ¢y, — Giy,, = (H N — Xz)’ﬂh + NH ' (Hf, — fth), by using ¢, inequality,

1 Ty 2 1 Ty
<2 2
Ly <27 2 1)

2

1 ¢ i 1 < T
ﬁ Z(Ci,th - Ci,th))\ ﬁ Z )\Z(H 1 )\z — )\Z)I
=1 i=1

th=k+1 th=k+1
) 1 n 2 1 Ty ~ 9
relar (33000 g 3° - s
i=1 H th=k+1

14



The first term term and the second term converge to zero as v/n/T — 0 and n/Ty — 0.

The last remaining term is f‘k —H _llfmkH ~1. 'We can rewrite this term as follows.

n n

al ! = 1 g ’
Dp = HVTpH ' = =)0 Gy — HVANH ™)
i=1 j—l
- - VA 1 o - -
:—ZZO—W o) NN, — H VNN HTY) + = i (AN,
=1 j=1 nz 1 j=1
=I+1I

Then, I — 0 using the fact that it is zero mean process. We decompose the second term 17

as follows.

1 n n ~ - _ 1 n n o i

= ﬁ Z : 0ij,k<>\i — H 1/\2))\; + ﬁ Z : Uij,k)\iH 1()\]' — H 1 )‘j)/ =a++ b
i=1 j=1 =1 j=1

Then, we can show that ¢ — 0 and b — 0 since a and b are of order O,(T' 1/2) +0 ((K,T ).

Since H % Hy, we can complete the proof. m

The proof of Proposition 2.1 is straightforward by applying Theorem 2.2.

C Bootstrap procedure

In Algorithm [, we present a description of our bootstrap procedure using AR-sieve + CSD
bootstrap. In step 1, we resample the residuals of the factor model by AR sieve + CSD
bootstrap. This is identical to the bootstrap method we present in the main text (Algorithm
1 in the main text). In step 2, we resample the regression residuals and obtain the bootstrap
sample for the MIDAS regression model. In step 3, using the two-step estimation procedure,

we can obtain the bootstrap estimators.

15
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Algorithm 1 Bootstrap for the factor-MIDAS regression model

1. Generate bootstrap factor model. For ¢, = 1,..., Ty, let
X5, =Nf, +e, and X; =Af, +e;,
where e, is obtained as follows. For each i = 1,..., N, select an order p; = p;(Tw)

with p; < Ty (e.g., by AIC) and fit a p;-th order autoregressive model to €1, .. ., & 1y,
where €;;, = X;1, — A f1, -

Denote ¢;(p;) = (qgiyj(pi), j =1,...,p;) as the Yule-Walker autoregressive parameter
estimators, such that ¢;(p;) = T'(pi) ™ 'Fp,, with 7y, = (Fe(1),7e(2), ..., 3e(p:)) and

L(pi) = (Ye(r — 8))r,s=1,2....p; Such that

Ty—|7|
. 1 - s _
Ye(T) = E Z (City, — ei)<€i,th+|7| — &),

tp=1

fort=0,...,p;and & = Ty ZZ;Hzl €;1,. With chosen lag length p; = p;(Ty), generate

pi
* 7 * * .
Cit, = E ¢i7j<pi)ei7th—j + Us ¢ ty = 17 s 7THa

i=1
(% . v wl/2 . .. C ..
where uf = (uj, ..., U\, ) = S 1y, with n, ~1i.d.(0, Ix). Set initial conditions
* * _ y
€y r€i1p =0fore=1... N.

Choose Y, = (Guij)ij=1,..~ by thresholding, with

. . Ty
G = ) Owii ") where & B E Ui g, Uyt
u,y ~ ~ . . u,r) T L,th 7 ]th Y
Guij1 (|Ouis| > w) i # 7, Ty =,

w is a threshold, and @;;, = €4, — 2?:1 gzzi,j(pi)éi,th_j fori =1,...,N and ¢, =
1—}-pi,...,TH.

2. Generate bootstrap factor-MIDAS regression model. For ¢t = 1,...,T, con-
struct ~ o
yr = Bo + BiE(0) + <7,
where €} = 1éy, & =y — By — Biﬁt(é), and v; ~ 1.i.d.(0,1) across t, independent of
My, -

3. Extract bootstrap factors and estimate bootstrap parameters. Obtain the

estimated factors ﬁ*h by principal component analysis on the bootstrap panel X .

!/

After, regress y; on 1 and temporally aggregated factors ( f;il o ft*i K/m) and

obtain the bootstrap estimates 5* and 6*.

16



D Proof of results in Section 3

In this section, we first deliver the bootstrap high-level conditions under which our boot-
strap data generating process yields a consistent bootstrap distribution. Our bootstrap
data generating process (DGP) is similar to the one proposed by GP (2014). Let {ef =
(€14, >Ny, )} be a bootstrap sample from {é&;, = (€1,,...,€ny,)'}, where &, = X;, —
A fth are the residuals from the original panel dataset. {ef} are the resampled bootstrap
residuals from {&, = 4, — g(F}; &)}. Using these two bootstrap samples, {er, } and {&}}, the

bootstrap data generating process (DGP) is as follows.

Xy, = Afe, +ef, fort, =1,..., Ty,

yr = Bo+ BLE(0) + ¢, fort=1,...,T.

We can obtain the bootstrap estimators by following a two-step process that is similar to the
procedure used in the original sample: in the first step, we estimate the factors from a new
bootstrap panel dataset X; and denote them by ft*h? then in the second step, by regressing
y; on 1 and Ft*(é), we can obtain the bootstrap estimators. We denote these estimators by
a*, which are the analogues of NLS estimators from the original sample. Below conditions

are our bootstrap high-level conditions. The conditions are similar to those of GP (2014).

Condition C.1* (Weak Time Series and Cross Section Dependence in e}, )
(a) E*(ej, ) =0 for all (i,t).

T, T, N
(b) ﬁ Ztthl sf:l |7:hth|2 = Op(1)> where V:hth = E* (% Zi:l ef,thef,sh)
1 Ty Ty E* 1 N * * — E*(e* * 2 =0.(1
(c) T Zth:1 Zshzl \/ﬁZizl(ei,thei,sh (ei,thei,sh)) = Oy(1).

Condition C.2* (Weak Dependence Among f,,, A, and €;4,)

17



(a) Ty Zth 1 sh 1 fShfth’YShth = Op(l)'

(5) 7 e B

N r * * * * * 2
T S SN Falei et — B (een,))|| = 0p(D).

(c) £ WZth 125\; fth)‘; fth = 0p(1).
- 2
(d) ﬁ ZZ;H BT \/Lﬁ 21111 Aie?,th = Op(l)-

LA

(e) 7 To th 1 (A\/%h) (%) —T' = 0,-(1), in probability, where T’ = Ti Z;LH=1 Var* <\/—1N1~\’efgh> >

0.
Condition C.3* (Serial Dependence among f,,, A;, and € )

(a) 7 Ty ZtH L

= O,(1) for all k.

2
.
7 S0 S Forlel i — B (L))

(b) E*

L2
\/ITZth 1fth€:;h—kAH = 0,(1) for all k.

Ae e*/7 A ~ ) . . e
(c) TH Zth 1 ( th) ( t;\L/ﬁk )_Fk = 0y« (1), in probability, where 'y, = ﬁ th | Cov’* ( i

0.

Condition C.4* (Weak Dependence Between e}, and €y)

2

(a) 7 Zt B F Zs 1 Dim1 55(6i,t7j/mei,sfj/m - B (ei,tfj/mei,sfj/m)) = Op(1) forj =

0,...,m—1.
- 2
(b) E* \/%—NZtT:l Zf\;l Aiei i ymet|| = Op(1), where E(ej, ;,,) = 0 for all (i,t) and

7=0,...,m—1.
Condition C.5* (Bootstrap CLT)

(a) E*(e}) = 0 and 7 350, B* o] = O,(1).

18




2

(b) Q_l/Q\/LT S Gauel LN N(0, I+p), in probability, where E* = 0,(1)

T ~ *
\/LT > i1 Jafi
and o = dg(Fy, ) /0, and Q = Var* (JLT Zthl §a7t€;{> > 0.

Condition C.6* (Bootstrap Consistency)
(a) plimQ = O Qdy, where Q=Varr <% Zthl ga,tsj) and Jou = dg(Fy, a)/dar.

(b) plim I = HoI'H|, and plim fj_l = Hol';_ Hj.

Conditions through are the bootstrap analogues of Assumptions to
in Appendix [A] Conditions are similar to the bootstrap high level conditions in
GP (2014). The mean of bootstrap residuals are required to be zeros for all (i,t;), which
implies that we need to recenter the residuals when we resample them. Condition is a
new set of high-level conditions required in our context. Unlike in GP (2014), since our bias
contains the term which relies on serial dependence in the idiosyncratic error term in the
factor model, we impose weak serial dependence among fth, \; and e;,, in Condition .
Note that since fth and )\; are fixed in the bootstrap world, serial dependence in the factors
can be implied by restricting the serial dependence of ¢;;,. Condition is similar to
Condition C* in GP (2014), and we restrict the dependence between two bootstrap residuals.
Condition implies that we can apply a central limit theorem on the score vector, g, €} .
In Condition [C.6%, we provide conditions for consistency of the bootstrap distribution. In
Condition [C.6}(a), © denotes the bootstrap variance of the score vector in the bootstrap
world and it is a bootstrap analogue of 2. It implies that the bootstrap variance is rotated

/
with a block diagonal matrix, ®y. This is because the score vector g, = (Ft/ (0)H', ' agg{e))

is a rotated version of g, ¢, where the rotation is given by ®,. Similarly, I and fj,l, defined in

|Condition C.2* and [Condition C.3*| are the bootstrap analogues of I' and I';_;, respectively.
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Condition [C.6%(a) and (b) imply that it is crucial how we mimic the error terms of the
MIDAS regression and the idiosyncratic factor error terms in the bootstrap world. Moreover,
in our context, since the bias depends on both serial and cross-sectional dependence of e, ,
the idiosyncratic error term in the bootstrap world should mimic the dependence in the time

series and cross-sectional dimension.

Remark 1 Note that &* is obtained by regressing y; on 1 and a temporally aggregated version
of the lags of the bootstrap estimated factors, Ft*(é). The bootstrap estimated factors, ﬂ*h,
consistently estimate the rotated version of true “latent” bootstrap factors, H*fth, where
H* = V*_I%AITA and V* is the r x r diagonal matriz containing on the main diagonal

the r largest eigenvalues of X*X* /NTy, in decreasing order. This matriz is the bootstrap

analogue of the rotation matrix in the original sample, H = \7*1%/\&[‘. As discussed in GP
H

(2014), the indeterminacy of the rotation matriz is not a problem in the bootstrap world,
as H* does not depend on the population values. Moreover, H* is asymptotically equal to
Hj = diag(+£1), where the sign is determined by the sign of f*f/Ty. This implies that the

bootstrap factors are identified up to a change of sign.

Remark 2 Similar to the discussion in GP (2014) regarding the rotation of the bootstrap
estimators, our NLS estimators of bootstrap DGP rotate due to the rotation in the factors

in the bootstrap world. Note that we can rewrite y; as follows.
yi = Bo+ BLH TV (0) + BLH TN (HEF(0) — F7(0) + &7 = g(Fy,a) + &,

where g(FF, &) = By + BLH*'F*(0) and & = [LH* Y (H*F,(0) — Ef(0)) + eF. Thus, &*
estimates (P*)"*a, where ®* = diag(1, H*, I,,) is a block diagonal matriz. (®*)~'a are the

rotated version of NLS estimators in the original sample. As H* is asymptotically equal
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to Hy, (P*)'a is equal to (®f) &, where ®f = diag(1l, Hi, I,), and (®F)~'a is the sign-

adjusted version of a.

Lemma D.1 Let the Assumptions |A.1HA.5 in|Appendiz Al hold and consider any residual-

based bootstrap scheme for which Conditions are verified. Suppose \/T/N —
¢, 0 <c<oo. In addition, let the two following conditions hold: (1) Condition (a) is

verified and (2) ¢ = 0 or Condition[C.67(b) is verified; then as N,T — oo,

VT(& — (@) 1a) T N(—e(@)) A, (95) 'S0 (D)),

in probability and A, and %, are defined in Theorem 2.1.

Remark 3 In we derive the bootstrap distribution of the estimators, a*. Ac-

cording to the distribution of \/T(&* — (®%)7'@) follows a normal distribution

with a non-zero mean vector, —c(®5)"'A,. The asymptotic bias is proportional to (Hg)™'[.

However, the weighting parameters 6* are not affected by the rotation problem.

Remark 4 To match the bootstrap distribution with the limiting distribution of the estima-
tors in the original sample to achieve bootstrap consistency since our rotation matrix H* may
not be an identity matriz. Therefore, we consider the rotated version of our bootstrap results,
given by \/T(CI)*&* — @&). For the consistency of the rotated bootstrap results, we rely on the
Corollary 3.1. in GP (2014) such that sup,cgr+» |P*(VT(®56* — &) < ) — P(VT(a —a) <
z)| & 0. For detail, see GP (2014). This corollary justifies the use of a residual-based

bootstrap method in the context of the factor-MIDAS regression models.

Notation: P* denotes the bootstrap probability measure, conditional on the original

sample. The bootstrap measure P* depends on the original sample size N, T" and Ty, and
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sample realization w, but for a simpler notation, we omit these and write P* for Py ,.
We write Tx = o0p+(1), in probability, or T 5 0, in probability, for any bootstrap test
statistics T, if, when for any 6 > 0, P*(|T%,| > 6) = op(1). If for all 6 > 0, there
exists My < oo such that limy 1o P[P*(|TNy| > Ms) > 6] = 0, we write as Ty =
O,+(1), in probability. We write T3 L D, in probability, if 7%, weakly converges to the
distribution D under P*, conditional on a sample with probability that converges to one, i.e.

E*(f(T%p)) & E(f(D)) for all bounded and uniformly continuous function f.

Lemma D.2 1 Z;‘le 5I(ﬂ*_j/m — H*ft_j/m) = 0p+(1).

Lemma D.3 If VT/N — ¢, where 0 < ¢ < o0,
(@) G5 i By = H g pu) (P = H figpm) = VT H T V! 4 0,0 (1),
(0) J s By = H Fimsi) F ot = H iy = VT H T HV 4 0,0 (1),
(c) \/LT Zthl H*ﬁ—j/m<-ﬁ*—j/m - H*ft—j/m)/ - \/TTH*F* (ﬁ Zsszl fShf:Q ViR op+ (1),

(d) \/LT ZZ:I H*.ﬁf—l/m(.ﬁ*—]/m_H*ﬁ—]/m)/ = \/TTH* <% ZZ;l .ﬁf—l/m,ﬁ_]/m) F* (ﬁ ZZ;LHZI fshf:;> ‘7*_2+

0p+(1).

Lemma D.4 If \/T/N — ¢, where 0 < ¢ < 00,

(a) == >0y (F(0) — H*Fy(0))(F7(0) — H*F(0))'
= cHyV ! (Zﬁil w; ()T w; (6) + Y5, wj(é)r}f_zwl(é)> VUHS + 0,0(1),
(b) o= >y H'E(0)(Fy(0) — H*F(0))

— cH [0S w(8) + 300 S0 ws0) (3 S0 Feim i jym) w0)] TV Hyope(1).
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Proof of Since in the bootstrap world, &* maximizes the following

objective function:

T
Nk [~ 1 [x  ~
Qr(@) = =5 >l —g(F, )P
t=1
where g(F¥, &) = §/H*'F*(0). Then, we have
-1

VT(& — (%) 'd) = —

T T
1 - 1 -
T E H(Ft*vaT) Y= E S<Ft*7d/)7
r t=1 T t=1

where s(F}, &) is a score vector and H(F}, &) is a Hessian matrix in the bootstrap world.

ar is intermediate between & and a*. We analyse each term. We can write the score vector

as follows.
T ~ -
1 — 1 e e i e 99 @)
—=> s(F,a) = —=> e + fH T (HF(0) - F(0))|—5—,
vT t=1 T= 04
where the partial derivative is
0
ag(ﬁ*7&> *ag(p7a) * * ~ ~ ~
S =0 a; + P, where P} = Er(0) — H*E,(0) :
OFF(0) rr—1'7 _ OF(0) r7—1/
_( B H 15_ B(Q)Hlﬁ)_

and ®* = diag(1, H*, I,). Under this decomposition, we can analyse \/LT ST e ag(gg,d) into
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two non-zero blocks of P. The second block can be written as follows.

= S 0) — HOR(O)
S DO i) + s 0) O

. ~ p . . . . . . . .
Since # — 6 and weighting function is continuous function, we can use continuous mapping

theorem and have the second part as 0,(1). By we can show that the first part

is 0,+(1). The third part can be argued similarly. Since it is easier to check for each row, we
OF} (61
80y,

write k-th row of the third block in P} as ( Hz_llék — MHk_yﬁk). Then, for this

00y,

k-th row, we can write it as follows.
1 ) v s OF(0k)
c* L H* 1 _ > H 1
T K ~
1 * ow j, (8 ) ¥ *
= th Z e (fk,tfj/m — Hj fri—j/m)
t=1 i=1 90y,
= ‘]7
T K ~
+_ * j7~ _ ) —i/m
T Z ct Z { 00, o0, fk,t i/

T K
~ 17 1 « 8'[1}‘7 (9 ) ~
=+ (ﬁk — Hk 1 /Bk)_ th [jl ) Ja’;k k -fk:,t—j/m]

where Hj, is the k-th diagonal element in the rotation matrix H and Sy is the k-th slope

parameter in 5. We can obtain the second equality because 8L HYA and .
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Finally, we have the following result.

T &~

1 L0g(Fya) g « O

T2 Yo R L o, a0y, )
t=1

where &} = plim ®*, Q = Var* <\/LT Ethl 5;‘§a7t>, and §o, = dg(Fy, a)/0a.
Now, we analyse the second term in the score vector \/LT 23:1 B'H*(H*F,()—F}(0)) %
with respect to B and 5, respectively. (Note that there is no bias with respect to Bo, therefore

we focus on 51 here.) By [Lemma D.4} the score vector with respect to Bl can be written as

follows.
| I
= D F) = FO)Fy 0V H 5
VT t=1
T ~
=~ |77 SO~ RO )~ 1 +—ZH*Ft —HR@)Y| B,
—cH; |V! { w;(0)Tw; (0) + Zzwj(é)fj—zwz(é)} e
i=1 =1 i)
K ~ K K 3 1 T . ) i N i
- {wa(e) + Z ijw) (T ZFt—j/mFtll/m> wl(ﬁ)} 'V 5
J=1 J=1 I#j t=1
= —cH{ Bg, + 0p-(1)
in probability, where we define Bp, as follows.
~ K ~ _
B = |7 S @0+ 353} 7
J=1 J=1 1#j
K ~ K K B T i B )
+{Zw§(9) +Zzwﬁ'(9) ( Z t—j/mFi_ 1/m> wl(&)}ﬂ/—z By
J=1 =1 I#j t=1
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We can also rewrite the part with respect to 0 by as follows.

T2 g BAH @)~ F )

K ~ K K
~ ~ ow;(0) -~ ~ ow;(0) ~ | -
=—chro VTN s )ij(Q)—i—ZZ w; () iy (0) p VT
—  J0 — 0
J= J=1 I#j
o) - D (@) (1 o]
{Z 1O 0+ 30y 2t (—Z i ;l/m> wzw)}rw B
ol T
j=1 j=1 1#j t=1
= —CB@ + Op (1)
in probability, where we define By as follows
K ~ K K ~
> ow;(0)~ Ow; () ~ .
= o |7y 25y, gy oS B L
— 00 — 00
J= J=11#)
K ~ K K ~ T
ow; (6 ~ ow;(0) [ 1 - O R -
= s )w](9)+zz w; (0) =S E gy | wi(8) p TV 2| G
— 0 — = 00 -
Jj= J=1 1#j t=1
Next, we derive the hessian matrix. We first rewrite it as follows.
LS = U LS WO
T~ " 0aod — 8oz o 1 >

Then, H; is o,+(1) by [Condition C.5*+(b) and the results in the proof for [Lemma D.3| The

second term H, converges in probability to ®;%®; as following:

T ~ ~ ~
&) dg( Ft L) o TO9(F ) 0g(Fr ) o h o veas
Z 804 oo’ — $ob O oo’ }CDO = P20y, (6)

where E[@g(;:; ) %] = 3. We can obtain this by rewriting M = pr=-1— ag( 2) 4 Pr.

Then, 1 L %@Pf = 0p+(1) and 7 S PrPY =0, (1), in probability. By putting all

together, we have

VT(& — (95)7'a) L N(—c(@;Sd8) ' d; By, @5 S1O8 1 dp ), (7)
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in probability, where B, = (0, Bs,, By)’. Under Assumptions we have plimV =V,
plim & = &', plim ®* = &, and plim Q = ®,QP,. This implies that /T (a* — (F)~'@) <z,

N(—c®; 1AL, @5 18,857 1), in probability. m

The proof of is similar to the proof of Lemma B.2 in GP (2014) and
Lemma D.3|- (a) and (c) are similar to the proof of Lemma B.3 - (a) and (b) in GP (2014),
respectively. Thus, we focus here to prove [Lemma D.3}(b) and (d), which are new.

Proof of [Lemma D.3| Part(b): Using the identity in GP (2014), we can rewrite the

part (b) as follows.

1

T
fz(ft —j/m H* ft J/m)(ft lm — H*ft—l/m)/

t=1

T
-1 .
=V 1? Z( Lt—j/m +A2t —j/m + A3t —j/m +A4t ]/m)
t=1
X ( Vietym t As e m T A3 iym + AZ,t—l/m)'V*_l.

Ignoring V*1 = O, (1), we can show that the terms except % Zthl A;,tfj/mAgt 1/m are negli-

gible. For example, we have %Zthl A’{’t_j/mA{t Um = Opr (T7Y), 7 ZtT:l A t_j/mAgt Um =

Op*(N_lcSK% ), and & Zt VA j/mAZt l/m—Op*(N_l(sz ). The cross terms are: th VAT j/mAzt "
Op- (TN~ 1/251:@ ), TZt 1 AT ]/mA;;t ym = Op (T7 VENTIR), TZt L AT j/mAzt Im =

Op (T7YV2NTY2), TZt 1 AS, j/mA?;t Um = = Op (N"'057,); Aj, ]/mAZt Im = Op- (N1, ),

and 4507, Aj, ]/mAZt Um = = Op-(N710y1, ). Since we can show that

T A/ % ! A

1 1 Net i CHIYAN
As = —H ] H* +0,(1),
23153/ 3tl/ N T;( m)(\/ﬁ p()

we have

T

1 £k * Fx % r \/T~*— * T *Y rk—

= e iym = H iy (F i = H frpm) = ~ YT, H V! 0,(1),
t=1

3
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e* A
where we define I';_, = IS < = ”m) < Vi3 ) Part (d): Similar to the identity we

used in part (b), we can rewrite part (d) as follows.

T
Z ft —j/m ft l/m H*ft—l/m)/

1 * f * * * 7k —
= T Z H* frjym(AT i tym + Ao iiym + As ity + Alimiym)'V '
t=1
= VTH"(d}y + djy + djs + dfy) 'V,
where d}; = ISh ft—j/mA;(,,t—l/m fori =1,2,3,4. Then, we can obtain d}; = Oy (61, T %)+
Op-(Ty"), djy = Ope((TN)~'/?) by |Condition C.3*(a) and dj; = O,-((T'N)~'/?) by

dition C.3*4(b). Finally, dy, = & (500 froymBy 5 ) T (7 S04 FFY ) V7t + 0,0 (1),

Thus,

T
ZH ft —j/m ft l/m H*ft—l/m)/

\/_ ( Z l/mft ]/m> I (TLZHJE ~:> /e 2+0p (1).

28



Proof of Part (a): We rewrite part (a) and apply [Lemma D.3|

1 < § 3 '
VT z; Z ft —j/m H*ft*j/m ] [Z w] ft —j/m H*ftj/m)]
K R 1 T ~ R R R
= w;(0) 77 S (i im = H femjpm) iy — H*ft_j/mV] w; (6)
j=1 t=1
K K ~ 1 T ~ _ _ ~ ~
+) 0> w;(6) N S i = H Fr i) Fym — H*ft_Z/my] wi(0)
J=1 1 t=1

K
=V H (Z w; (0™ w; (0) + Zw] % ( > H V! 4 0,.(1)
j=1

= cHV (Z w; (0 )+ ij L%y ( ) )| VTIHG 4 0,4 (1).

We use Lemma B.1 in GP (2014) to obtain the final equality, V* = H*VH* 4+ O (Onr,)
V + 0, (0y%,,) and H* = H; + O, (6y7,,) in probability.

Part (b):
LTZ Zwy(Q)(ft* iym — H* f ]/m)] [ZMJ(H)H ftj/m]
= ij( f

K K
10 SUTURI o ) S
23O R o B = H T

K R K K R 1 T 3 ] 1 To N\
= cH" | 3 wi(0) + DY wi(0) (; 2 ft—z/mft’j/m> wi(@) | T (E > I ) V2t 0, (1)
L i—1 i—1 175 _ | s=1
'JK B ]K KJ B . ] ~
cHy | wi(@) + ) > w;(6) ( Z ymlfi W) wi(0) | TV 72H + 0,4 (1),
Lj=1 J=1 I .

in probability. The final equality is by applying Lemma B.1. in GP (2014) and by ik} -t
VIH* and H*V*"' =V~'H*. =
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In the remaining part, we prove Theorem 3.1. Recall that

pi
el =Y Gij(pi)ery, ;+ui, forty=1,.. Ty, (8)
j=1
where &Z(pl) = (éu (pi),j = 1,...,p;) is Yule-Walker autoregressive parameter estimators.

By the fact that él(pl) is Yule-Walker estimator, we can represent as moving average

process of order oo as
oo
§=0

with izz‘,o(pi) = 1. By stacking and @D over i = 1,..., N, we can rewrite it as vector
representation as follows.
Pi

€ = Z &Dj(p)e;‘h_j +uy, and (10)

j=1

8

J

with Wo(p) = Iy and p = max(py, ..., pn). Note that ®;(p) is N x N high-dimensional ma-
trix, but it is a diagonal matrix by the construction such that Q:)j (p) = diag(qgl,j (p1),---, gﬁN,j (pn))-

To prove Theorem 3.1, we include an auxiliary Lemma below.

Lemma D.5
(a) 2272 1W;(p)—V,|| = 0,(1), where ¥ is MA coefficients for e, such that e, = Do Vi
(b) S50 [higl® = 0p(1) fori=1,... N.

Proof of Lemma |[D.5. To prove Lemma (a), we use the arguments in Bi, Shang,
Yang, and Zhu| (2021), specifically, Lemma C.7 in their supplement appendix. The difference

is that their bootstrap method is applied to the factors, whereas our bootstrap method is
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constructed using the idiosyncratic error terms. Using their arguments in the proof of their

Lemma C.7 and the fact that €,;, —e;; = ¢ — ¢y = Op((SJT,lTH), we can obtain the same result

as in Lemma|D.5, which yields 3 7%, 19;(p) — || = 0,(1). For (b), we can use Lemma [D.5

and Assumption 3 in the main text to conclude. m

Proof of Theorem 3.1. Following Lemma Remark 3 and 4, it is sufficient
to show that our bootstrap algorithm described in Section 3 satisfy the bootstrap high
level conditions [C.1"{C.6" Condition C.1*. Part (a): We can show that E*(ej, ) =
> e Vi (pi) E*(uj,, ;) = 0 since E*(uj, ;) = 0 by its construction such that u}, = i}/znth

with n;, ~ 1.1.d.(0,Iy). Part (b): We first write 77, as follows.

1
Y= E (Ner’ez)

* [ 1 - T
L Jj1=0 Jj2=0
. 1 © < . .
= F ~ir (Z llfjl(p)ut_ﬂus'_]2klf;2)
L J1=0 j2=0
Il ==, o -
= tr (N %(p)zws_w(p)’> , (12)
§=0

where we obtain the last equality since E*(u;_jul ;) = 0if t — j; # s — j,. Using (1 , we

can write our condition as following;:

%2 T ST /
T_H Z vael” = T_H Z tr (N Z‘I’j@)zu‘l’s—m (p)>
s,t=1 s,t=1 7=0
~ Ty 0o 2

IZa]?) (11 ~ G
< —— U, y1i(p)V

< (BE) (37 2 [ vemoroo

1 2 2

We can show that ||£,]|>/N = O,(1) since we can show the similar arguments in GP (2020)
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such that ||2,]| < p(2,)4/rank(Z,) < p(3,)v/N under Assumption 4-5 in the main text. We

- 2 - 2
can also show that %ﬁ ZST;I:l =0 H\Ils_tﬂ (p)H ”\I/J (p)H = O,(1) under the summability

condition. Part (c): First, note that we can write
2

ith 1,Sh ith 1,Sh

-
WE

=1

1 N
o * [ % * * *
- N Z COU (ez7th €i78h7 ejvth ej75h)
3,7=1
1 N 00
_ E E 7 7 . 7 YA * * *
- N ¢ka1 ¢ka2¢]vk3¢]vk4 OOU (ui,th—kl ui,sh—k27 uj,th—k3 uj,sh—k4)'

1,j=1 k1,k2,k3,ks=0

. N . 1/2 .
We can write w;y, = ajm, = > ,_; aufiy,, where a; denotes the i-th row of Zu/ . For simpler

notation, define Cov*(ej,, €;, ;€4 €5s,) = Dijins,- We can rewrite Ay, as follows.

o) N
Aij,thsh = E %‘,kl wi,kg wj,kg%',m E Qi 1y Qg 15 G 13 Qg 1y
k1,k2,k3,ks=0 l1,l2,l3,l4=1

*
x Cov (7711,th—k177l2,8h—k:2>77l3,th—k377l4,8h—/€4) .

7

-~

Ax

Since 74, ~ 1.i.d.(0, Iy), we can consider A based on the choice of [; for i = 1,2,3,4 and
th — k1, Sp — ko, tp, — ks and s, —ky. Weneed [y =l =l3=14, l; =l3# Iy =14, 0r |y =1y #
lo = I3 for Ax to be non-zero. If [} = Iy, = I3 = l4, weneed t, — ki1 = s, — ko = t),— ks = sy, —ku,
th—ky = th—ks # sp—ko = sp—ky, or tp—ky = sp—kyq # sp—ko = tp,—ks. In this case, we have
Ax = E*(n},, ) —Lor 1. If Iy = I3 # ly = Iy, we need t), — ky = t), — ks and s, — ky = s, — ku,
and we have Ax = 1. Similarly, when l; = Iy # [, = I3, we need t;, — k; = s, — k4 and

sp — ky = t), — k3, and this yields Ax = 1. Letting 77 > max{E*(n, ) — 1,1}, we can bound
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the condition as follows.

[e'¢) N 2
< D CimWikaCim Wi + bini, ’f2¢j,t—s+k2¢j,s—t+k1> (Z azyl%l)

k1,ka=0 =1

00 2 N 2 00 oo N 2
<17 <Z %,k%’,k) (Z ai,laj,l> + (Z ¢¢,k?/1j,s—t+k> (Z wi,kwj,t—s—i-k) <Z ai,laj,l>
k=0 =1 k=0 k=0 =1
I =Ai—(1) =Ay—(11)

Thus, the condition is bounded by
1 Ty 1 N 1 Ty 1 N
77(ﬁZNZAz‘j—(I)ﬂLﬁZNZAij—([I))~
t,s=1 i,j=1 t,s=1 i,j=1
We can show that Zgjzl A;; — (I) = Op(1) which is sufficient to show that the first term is

O,(1). Note that we can bound it further by Cauchy-Schwarz inequality as follows.

1/2

| XN o \2/N 2 | XN o \* | XN N 4
N Z <Z %’,k%’,k) <Z ai,laj7l> < ¥ Z (Z 1/12'71@%71«) N Z <Z aivlaj7l>
‘ k=0 I=1 ij=1 —1

1,j=1 = k=0 bi=1

1/2

We can show that for some positive constant M, by repetitive application of Hélder’s in-

equality,

e} 4 o o)
<Z &k%k) <M <Z |1sz7;]k‘4> < MZ [Pkl |7
k=0 k=0 k=0

By Cauchy-Schwarz inequality, we can show that

- 1/2

| X RS LN 1/2 L
N > (Z %‘,k%,k) <M (N > |¢i,k|8) (ﬁ > |¢j,k|8>
i,j=1 k=0 i=1 j=1

We can show that this is O,(1) by Assumption 3 in the main text. We can also show that
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1/2

{% Zf,jjzl(a;ay’)‘l} = 0,(1), because we have

1/2
(N > (ajay) ) <AJtr(ED/N <\ {tr(E2)12/N = |Z.]l/VN = 0,(1).

3,7=1
We can obtain the final equality by Assumption 5 and by applying the arguments in GP
(2020) to %, such that [|X,]| < p(E.)4/rank(X,) < p(X,)vV/N (in their proof of Theorem

3.1). For the second term involved with A;; — (I1), by applying Cauchy-Schwarz inequality,

we have
| Ino N | N[N 21/21N1TH00 2\ 2) /2
@ Z N Z Ajj — (1) < N Z (Z ai,laj,l) N Z @ Z (Z wi,kwj,swrk)
s,t=1 i,j=1 i,j=1 = i,j=1 s,t=1 \ k=0

5y 1/2
We can show that {% SN (le\il aiﬁlaj,l> } = O,(1) by using the similar arguments

i,7=1

above. For the remaining term, we use Cauchy-Schwarz inequality as follows.

1 N 1 T o ~ 2 2 N 1 0o
N Z T_2 Z (Z ¢i,kwj,s—t+k> Z T_2 (Z |¢z k:|2 Z |¢]S t+k| )
ij=1 H

H st=1 \ k=0 k=0 H -1

Since we can show that 3°° |1 2% Zst NDisiir]? = O,(1), the order of the above

term is O,(N/T%).

Condition C.2*. Part (a): By Cauchy-Schwarz inequality, we can bound the condition

as follows.
1/2 1/2
sy < (4 30un) (5 k) - o,
st 1 st 1
We can show the term in the first parenthesis O,(1) since we can show that - Z Ll =

O,(1) by using Lemma C.1-(i) in GP (2014) and use Cauchy-Schwarz inequality. The term
in the second parenthesis is O,(1) by Condition [C.1%}(b). Part (b): For simpler notation,

in the remaining proof, we let 7,5” = J)” (p;) and \Ifj = W;(p). Note that we can rewrite the
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condition as follows.

I e
7o 27 2 IRAIPg X Covteuei efacsy).
H t=1 Hs,l:l ,j=1

By considering the combination of 7, j and ¢, s and [, the covariance term Cov*(ej €; 5, €} ,€5,)

can be further bounded as follows.

N 2
OOU*( Ztels7e]t6]l ( Z % k17vbzk21/}Jk1¢Jl S+k‘2> (Z ai,may}m)

kl k,‘2 m=1
o) N 2
+ E Vi ko Viko Vit —s ko g i—t4k E Qi mGjm
k1,k2=0 m=1

= 0(Bij — (I) + Bij — (1)),

- 2
where we denote B;; — (I) = <ZZT7,€2:0 Q/Ji,klwi7k2wj7k11/}j7l,s+k2) (Zﬁzl ai,majm) and B;; —
- - 2
(1) = (ZZ?,CFO %’,kl¢z‘,k2¢j,t—s+k2¢j,l_t+kl> (Zﬁzl ai,majym> . Then, using this bound on
the covariance term, the condition is bounded by the following equation.
N 1 Ty o 1 N
[ Z 17PN S0 By~ (D) 4y S TIPS S By <H>]
H ¢ s1=1 i,j:1 H ¢ s1=1 i,j=1

The first term in the square bracket can be bounded by Cauchy-Schwarz inequality as follows.

o\ 1/2

LY n,

1]1

N T 1/2 Tu
anfln? > By— ()<~ ! Z( anfln“) T—HZ

Htsl 1 ij=1 H -1 s,l=1

We can show that ﬁ S i I fill* = O,(1) by applying Lemma C.1 in GP (2014) with
p = 8 (this can be verified under our Assumption 1 in the main text). To show that

2
ﬁ ZZ:?:I % ij:l B;j — (I)| = 0,(1), we first bound it by Cauchy-Schwarz inequality as
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follows.

Ty

Z By~

,j=1

2 N 00 2
< <% Z(a;a] ) Z Z ( Z %,kll/jakgtzj,kl%,l—ka>

i,j=1 ,j ]. Sl 1 k1,]€2=0

Hsl 1

As in the proof of Condition C.1*-(c), we can show that - Z” (dla;)? = Op(1). First, note
that by using Holder’s inequality, we can show that (ZZ?’,CFO @i,k1@i7k2lﬁj,klzﬁ“s+k2)2 <M
Zif,kFO mz’,kzllzi,kzl/;j,kﬂzjgz_%@]2, for some positive constant M. Then, we apply Cauchy-
Schwarz inequality and Holder’s inequality to obtain the following inequality. For some

positive constant M,

2
— Z T Z < Z 1/}2 kﬂﬁz kgw],klz/}]l s+k2)
t,j=1 H sl=1 \ki,k2=0

1/2

N oo 00 1/2 N oo 0o
(% Z Z ‘&i,k1|4 Z ‘&i,k2|4> %Z Z ‘&j,k1|4 (Z Z ’w]l S+k2‘ >
=1 k1=0

ka=0 j=1 k=0 ko—0 ~H 11

Note that 7= 30 [0 s, | = 372 (1 - ﬁ) [ snal® < 32720 [hyr k> Then, since

Z;i";:o dreo il = Zk,‘;g o(k3+1)‘¢3 ks| % we can show that <Zk2 =0 TlH Zsl |0 sks

My Yoo (ks + 1)2[1h; 4,|* for some positive constant M;. Therefore, we can show that the

~—
IA

second term is O,(1) by Assumption 3 with » = 2. By Assumption 3, we can show that
S o Wi |t 0o Ithis |* = Oy(1) and we can also show that the remaining term in
2
N
]lv Zi,j:l By — (] = Op<1)-

By applying Cauchy-Schwarz inequality repetitively, it is sufficient to show that

the above inequality is O,(1). Next, we show that ﬁ ZsTf:l

N Ty 2

TH o
1 1 1 S .
N Z T Z T ( > ¢i,k1¢i,k2¢j,t—s+k2¢j,l—t+k1)
1,]= = t=1 ki1,ko=
L1 X I o 21/21N1TH00 2\ 1/2
. 2 . 2
<Mz | 3 20 |77 20 22 Wistiasnal N 2 |7 2o 2 i
ij=1 t,l=1 k=0 ,5=1 t,5=1ko=0
— 0,(1).
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In fact, we can use Cauchy-Schwarz inequality and Assumption 3 to show that the term is

O,(1). For example, we can show that

2

% ZN: Ti ZH: i wi,k&j,lﬂ%k‘z =N ZN: i Wuﬁ Z |1/131 t+k!
R R A y
< ( Z |%Ezk:|8) <M2%22|(1+k>4|@zm|8>
i=1 k=0 7j=1 k=0
= Oy(

for some positive constants M; and M. We obtain the final equality by Assumption 3 with

r = 4. Part (c): First, note that we can write the condition as follows.

2 T L
1 <& - e’A Ne*
_ t / E* s t
T Z r(fifs) (m m)

Since E* (%ﬁ%) = E* [tr (1\\/3 e\ﬁA) , we focus on E*(efel). Under vector MA(co)

Ty N

\/T}J—NZth)\; ;kt

t=1 i=1

E*

representation of e;, we can write it as follows.

%)
* */ o E /‘ E ST
et s ‘Ijkl ut kl s— k2 \Iij E \Ijs t+k

k1,k2=0 k=0

By plugging this back into the condition and using Cauchy-Schwarz inequality,

TH N TH e [e’e) T LT X
1 ; | (AT S A
E* )\/ * _ t It k=0 u* s—t+k
\/7—}{—]\]—;;.]% iCit TH t; r(ftfs) T( N
1 Ty 1/2 ] Ty ) 1/2
< | = tr(f. )P — tr(D,_ :
< (g, X wr) (g, 35w

where we denote T'y_; = i <Zk ° UL, 0 t+k> A. We can show that the first term is
O,(1) by Assumption 1 and using the results in Lemma C.1 in GP (2014). For the second

term, it is sufficient to show that tr(I'y) = O,(1). This is implied by Condition C.6*-(b),

37



which will be verified. Part (d): We can rewrite the condition as follows.

TH e 2 TH e e TH e
1 Ne; 1 Nejef'A 1 NE*(eter)A
_ E* L33 | p——— E* it 2t e S | /At 0
Ty ZH Ty ZH " ( N ) Ty Ztl " N

As we have shown previously in the proof of Condition C.2*-(c), we can write E*(efe;’) =

S0 Uk, W, Therefore, the condition is - ZTH tr (Alzzo:(’f;’“i“%[i), and this is Op(1)
given that tr(Ty) = O,(1). Part (e): To verify this condition, we use r = 1 (recall that r is

the number of factors) for a simpler notation. Therefore, it suffices to show that Var*(A*) =

0p(1), where A* = - Z (A,et> (i%) Note that

N
% % 1 1 N Y k([ k% * sk
Var*(A*) = T—% Z e Z AidjARNCov™ (e €54, €1 g€y o)

=1
| T N
< QﬁT_fI Z N2 2 A Z Di.1 Vi .y V1=t O s—t-o

p1,p2=0

X( E ai,mlaj,mzal,mlak,mg)

1 s s S N 2
{<Nu=1 Ai)V) (Z;) wi,p1¢l,s—t+p1> (T;I ai,mlal,m)}

Ty
t,s=1
t,s=1

where we obtain the second inequality by taking account of the covariance term given the
combination of 4,7, k, and [ and ¢ and s, similar to the proof of Condition C.1*-(c). Note
that given that tr(I's_;) = O,(1), we can show that i ts #_ T2, = O,(1). Therefore,
Var*(A*) = O,(1/Ty) = 0,(1). The proof to verify Condition C.3%* is very similar to the
proof of Condition C.2*. For example, Condition C.3*-(b) and (c) can be verified given that
tr(T,) = O,(1) with 7 # 0.

Condition C.4* Part (a): Given that ¢} and e, are independent in Assumption 2,
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it is sufficient to show that

T T N

1 1
TZNTZZCOU zt j/m iys—j/m» € zt —j/m® zl j/m):O(l)
s,l=1i=1
We show a similar term is O,(1) in Condition C.2*-(b). Part (b): Similarly, given the
2
Ae*
independence of €} and e, ;. it suffices to show that £~ \F ST \t/ﬁ”’" = 0,(1),

which is verified in Condition C.2*-(c). Condition C.5* and Condition C.6*-(a) can
be verified using the arguments in GP (2014), since ¢} is constructed in the same way.

Condition C.6*- Part (b): Note that I'; can be rewritten as follows.

T

5 1 lims o os, o« NYA
sz—;N ; SRR = Nk,

A'S, kA

~—. Then, by adding and subtracting

where we let ie,k = Z;O:o @piu@;_k. Let [, =

appropriately, we have the following:

Ty — HoUwH} = Ty, — HoDyHY 4 HolyHY — Hol'y H,

= (D — Holy Hy) + Ho(Ty — Ty ) Hy.

~
EDl EDQ

We can show that D; and Dj are 0,(1). In order to show that Dy = 0,(1), it is sufficient to
show that ie,k — X — 0, where X, ), = Z;io U2, W, with ¥, = E(usu;). Note that we

can expand ie,k — Y as follows.

2e,k - Ee,k - Z(\i/p i \i} kTt Z ‘I/ \i]p_k + Z \I/pzu(ﬁlp_k - \I/p_k) .
p=0 —
Doy Di» Das

We can show that Dyy = 0,(1) since p(X, — $,) 2 0 under Assumptions 4-5 using the

arguments in GP (2020). We can show that Dy and Dag are of order o0,(1) by Lemma [D.5]
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Next, we show that D; is 0,(1). We can decompose D; further as follows.

1 < . 1 . 1 - -
D, = N(A —AH NS (A= AH ) + NH‘”A’ZM(A —AH Y+ N(A — AH Y AH.

N J/ N J/ N J/
~~ N ~

D11 D12 D/12

D1y = 0,(1) by applying Cauchy-Schwarz inequality as follows.

= 0p(1),

1Dyl < \H%N(A AHY)

SO0,
p=0

=0p(1)

- J

—op(1)

where we use the fact that

ST <

p=0

|5

PR AN <S8 o) = 001,
p=0 p=0
and use the arguments in GP (2020). Since we have

(Jws-r)

we can show that this is 0,(1) using similar arguments as we did for Dy;. =

1Dsell < 1) |[A/VN| [Se

E Additional simulation results

E.1 Simulation: results of DGP 1 and 2 of the factor-MIDAS

regression model

presents the results of DGP 1 and 2 in each panel. The results indicate that there
is no bias when using the true factor, however, a bias does exist when using the estimated
factor as a regressor. Increasing the sample size in both cross-sectional and time series
dimensions results in a decrease in bias. If the cross-sectional dimension is small (50 and

100), the plug-in bias tends to overestimate the bias size. Both bootstrap methods perform
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similarly and replicate bias size well. When no method is used to correct the bias, size
distortion occurs in terms of coverage rates. The plug-in bias somewhat recovers the size
distortion, but bootstrap methods outperform the plug-in bias method. The results of DGP
1 and DGP 2 are similar, and both bootstrap methods are valid for these scenarios since the

idiosyncratic error terms are randomly generated from a standard normal distribution.

E.2 Simulation experiment: increase in autoregressive coefficient

Table 2| shows the bias and 95% coverage rate of § when the idiosyncratic error term follows

simple AR (1) process as:
City, = PiCit,—1 + Vig, for ty =1,... Ty

where v;4, is 1.i.d. randomly generated from N(0,1). We let p; indicate the auto-regressive
coefficient, which implies the persistence of auto-regressive process. For simplicity, we impose
that each variable shares same autoregressive coefficient, p; = p. In[Table 2| we compare
the results by varying persistence. We increase the coefficient from 0 to 0.7. When the
persistence in the idiosyncratic error term is p = 0.5, the bias is around twice bigger than
the bias where there is no serial-dependence. Moreover, the size of bias increase as the

persistence increases.

E.3 Simulation experiment: unrestricted MIDAS regression model

Table 315 show the performance of bootstrap methods (wild bootstrap and AR-sieve +
CSD bootstrap method) as well as plug-in bias estimation method under the framework of

unrestricted MIDAS regression model. We consider the unrestricted MIDAS regression with
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Table 1: DGP 1 & DGP 2 - Bias and coverage rate of 95% Cls for

N =50 N =100 N =200
T =50 100 200 50 100 200 50 100 200
Ty =150 300 600 | 150 300 600 | 150 300 600

bias
True Factor -0.01 -0.01 0.00 |-0.02 -0.01 0.00 | 0.00 0.00 0.00
Estimated Factor -0.32 -0.31 -0.29 | -0.20 -0.17 -0.16 | -0.12 -0.10 -0.08
Plug-in -0.38 -0.34 -0.32|-0.21 -0.19 -0.18 |-0.10 -0.10 -0.09
DGP 1. WB 025 024 -023|-0.16 -0.15 -0.14|-0.11 -0.09 -0.08
homo & AR-sieve+CSD -0.24 -0.24 -0.23 |-0.16 -0.15 -0.14 | -0.10 -0.09 -0.08
homo 95% coverage rate
Estimated Factor 84.8 82.0 739 | 89.6 90.5 883 | 91.7 927 934
Plug-in 87.6 89.1 &89.3 | 90.4 92.1 924 | 91.2 92.7 93.6
WB 94.1 94.7 933 | 95.0 956 945 | 92.7 954 949
AR-sieve+CSD 95.8 949 924 | 95.8 96.1 95.0 | 96.0 96.3 95.3
bias
True Factor -0.01 0.00 0.00 | 0.00 0.01 -0.01] 0.01 -0.01 0.00
Estimated Factor -0.34 -0.30 -0.29 | -0.19 -0.16 -0.16 | -0.10 -0.10 -0.09
Plug-in -0.37 -0.34 -0.32 |-0.20 -0.19 -0.18 |-0.10 -0.10 -0.09
DGP 9 WB 024 024 -023|-0.16 -0.15 -0.14|-0.10 -0.09 -0.08
hetero & AR-sieve+CSD -0.24 -0.24 -0.23 |-0.16 -0.15 -0.14 | -0.10 -0.09 -0.08
homo 95% coverage rate
Estimated Factor 78.1 76.2 684 | 8.9 88.1 86.2 | 8.7 915 91.6
Plug-in 82.7 86.8 88.3 | 86.6 89.8 925 | 88.9 923 925
WB 91.7 93.0 93.1 | 926 93.3 942 | 91.0 944 94.0

AR-sieve+CSD 92.5 929 922 | 940 952 938 | 93.5 948 948

In DGP 1, both error terms are homoskedastic. In DGP 2, MIDAS regression error terms are heteroskedastic and
idiosyncratic error terms are homoskedastic. The results of coverage rates, when we use the estimated factors and plug-in
bias, are based on asymptotic theory. The bootstrap coverage rates use the bootstrap equal-tailed percentile ¢ method.

a single factor as follows.

K
Y =B+ Z apfi—jz+ &
j=1

Xi—kz3 = MNfeoryz + e—pys,
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Table 2: Bias and 95% coverage rate of (3

p=0 p=0.5 p=0.6 p=0.7
bias  95% | bias  95% | bias  95% | bias = 95%
150 || -0.3380 84.7 | -0.5887 68.02 | -0.6808 60.42 | -0.7993 49.18
50 300 || -0.3100 81.76 | -0.5362 57.94 | -0.6197 48.16 | -0.7278 35.18
600 || -0.2890 74 | -0.4970 40.96 | -0.5746 29.32 | -0.6761 17.2
150 || -0.2022 89.82 | -0.3763 &83.18 | -0.4450 79.34 | -0.5372 72.62
100 300 || -0.1709 90.72 | -0.3157 81.1 | -0.3729 75.68 | -0.4502 67.1
600 || -0.1565 88.7 | -0.2849 75.36 | -0.3358 67.44 | -0.4047 56.16
150 || -0.1343 91.48 | -0.2639 87.6 | -0.3163 85.38 | -0.3890 81.8
200 300 [| -0.1027 92.5 | -0.1996 89.18 | -0.2393 87.28 | -0.2943 &83.54
600 || -0.0865 92.44 | -0.1647 88.02 | -0.1968 85.48 | -0.2411  80.7

fork=0,1,2and t =1,...,T. The simulation design is identical to that in Section 4 in the
main text: fi_pm ~ iid. N(0,1) and A\; ~ iid. U[0,1]. We consider six data generating
processes as detailed in Table 1 in the main text. In this setup, y; is predicted using six
lags of the factor (K = 6). We set 8 = 0 and o, = o* with « = 0.8. The estimation
procedure is similar to restricted MIDAS, which proceeds in two steps: we first estimate the
factors from X;_j/,, and then in the second step, we regress y; on the temporally aggregated
estimated factors up to six lags. We report the bias in «; associated with the true factor,
estimated factor, plug-in estimation method, as well as two bootstrap methods: the wild
bootstrap method and the AR-sieve + CSD bootstrap method. In addition, we provide the
95% coverage rates associated with the estimated factor, plug-in estimation method, and
both bootstrap methods. Note that the wild bootstrap is not valid in DGPs 4 to 6.

DGPs 1 to 3 yield comparable outcomes: the plug-in estimation method and the two
bootstrap methods are perform similarly, and effectively capture the size of the bias. Re-

garding the coverage rate, the bootstrap methods outperform the plug-in estimation method.
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In DGP 4, where the idiosyncratic error terms of the factor model are serially dependent,
the AR-sieve + CSD bootstrap method outperforms the plug-in estimation method in terms
of replicating the bias and correcting the distortion induced by the bias. In DGP 5, the
plug-in estimation method performs the best in estimating the bias size. In terms of cover-
age rate, the plug-in estimation method outperforms the wild bootstrap method when N is
small, while the AR-sieve + CSD bootstrap method outperforms other two methods across
all sample sizes. Finally, in DGP 6, both the plug-in and the AR-sieve + CSD bootstrap
methods replicate the bias size well, with the AR-sieve + CSD bootstrap method performing

the best at recovering the distortion in the coverage rate.
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Table 3: DGP 1 & DGP 2 - Bias and coverage rate of 95% Cls for

N =50 N =100 N =200
T =50 100 200 50 100 200 50 100 200
Ty =150 300 600 | 150 300 600 | 150 300 600

bias
True Factor 0.00 -0.00 -0.00 | -0.00 0.00 -0.00{| 0.00 0.00 0.00
Estimated Factor -0.10 -0.10 -0.09 | -0.07 -0.05 -0.05|-0.04 -0.03 -0.03
Plug-in -0.09 -0.08 -0.08 | -0.05 -0.05 -0.04 | -0.03 -0.02 -0.02
DGP 1. WB 008 -0.08 -0.07|-0.05 -0.05 -0.04|-0.04 -0.03 -0.03
homo & AR-sieve+CSD -0.08 -0.08 -0.07 | -0.05 -0.05 -0.04 | -0.04 -0.03 -0.03
homo 95% coverage rate
Estimated Factor 86.8 81.5 71.0 | 91.6 90.6 &88.1 | 93.3 94.1 93.6
Plug-in 89.7 89.7 90.0 | 92.1 926 925 | 93.2 94.0 944
WB 94.3 93.5 926 | 95.3 945 93.8 | 95.7 953 95.1
AR-sieve+CSD 94.4 93.1 926 | 956 944 940 | 95.6 953 95.1
bias
True Factor -0.00 -0.00 -0.00 | -0.00 0.00 -0.00{| 0.00 -0.00 0.00
Estimated Factor -0.11 -0.10 -0.09 | -0.07 -0.05 -0.05|-0.04 -0.03 -0.03
Plug-in -0.09 -0.08 -0.08 | -0.05 -0.05 -0.04 | -0.03 -0.02 -0.02
DGP 9 WB 008  -0.08 -0.07|-0.05 -0.05 -0.04|-0.03 -0.03 -0.03
hetero & AR-sieve+CSD -0.08 -0.08 -0.07 | -0.05 -0.05 -0.04 | -0.03 -0.03 -0.03
homo 95% coverage rate
Estimated Factor 78.0 74.5 654 | 86.6 87.3 86.2 | 89.2 91.6 920
Plug-in 84.3 86.8 &89.3 | 8.2 90.2 91.5 | 8.7 92.1 93.7
WB 90.7 91.2 91.7 | 925 927 928 | 92.6 939 94.6

AR-sieve+CSD 90.9 91.3 915 | 928 927 93.1 | 926 93.7 94.5

In DGP 1, both error terms are homoskedastic. In DGP 2, MIDAS regression error terms are heteroskedastic and
idiosyncratic error terms are homoskedastic. The results of coverage rates, when we use the estimated factors and plug-in
bias, are based on asymptotic theory. The bootstrap coverage rates use the bootstrap equal-tailed percentile ¢ method.

F Other empirical result

In [Table 6] we present the results after excluding the COVID pandemic period. The results

are similar to Table 5 in the main text. When using the bootstrap method, the confidence
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Table 4: DGP 3 & DGP 4 - Bias and coverage rate of 95% Cls for

N =50 N =100 N =200
T =50 100 200 50 100 200 50 100 200
Ty =150 300 600 | 150 300 600 | 150 300 600

bias
True Factor -0.00 0.00 -0.00 | -0.00 0.00 0.00 | 0.00 0.00 0.00
Estimated Factor -0.11 -0.11 -0.10 | -0.07 -0.05 -0.05|-0.04 -0.03 -0.03
Plug-in -0.10 -0.09 -0.09 | -0.05 -0.05 -0.05|-0.03 -0.03 -0.03
DGP 3: WB -0.09 -0.09 -0.08 | -0.06 -0.05 -0.051-0.04 -0.03 -0.03
hetero & AR-sieve+CSD -0.09 -0.08 -0.08 | -0.06 -0.05 -0.051-0.04 -0.03 -0.03
hetero 95% coverage rate
Estimated Factor 75.9 727 614 | 8.3 87.6 844 | 89.2 91.6 91.3
Plug-in 84.6 87.6 88.5 | 87.7 90.5 91.8 | 89.3 92.2 934
WB 91.1 92.0 91.7 | 91.8 927 93.3 | 929 93.6 94.2
AR-sieve+CSD 91.1 91.7 90.6 | 91.9 926 93.1 | 92.7 939 94.1
bias
True Factor -0.00 0.00 -0.00 | -0.00 0.00 0.00 | 0.00 0.00 0.00
Estimated Factor -0.15 -0.14 -0.13 | -0.10 -0.07 -0.07 | -0.06 -0.05 -0.04
Plug-in -0.08 -0.08 -0.08 | -0.05 -0.05 -0.05|-0.03 -0.03 -0.02
DGP 4 WB 008 -0.08 -0.08-0.05 -0.05 -0.05|-0.04 -0.03 -0.03
hetero & AR-sieve+CSD -0.10 -0.10 -0.09 | -0.07 -0.07 -0.06 | -0.05 -0.04 -0.04
AR 95% coverage rate
Estimated Factor 69.6 63.1 48.7 | 81.2 83.3 789 | 87.1 89.7 89.0
Plug-in 80.1 83.1 &81.4 | 8.0 89.3 89.6 | 8.1 91.2 924
WB 87.7 88.1 85.0 | 90.6 922 913 | 923 93.3 93.6

AR-sieve+CSD 89.7 90.5 883 | 920 93.0 928 | 926 939 94.2

In DGP 3, both error terms are heteroskedastic. In DGP 4, the idiosyncratic error term is generated as the autoregressive
process of lag 1 for each variable and with heteroskedastic. For coverage rates, the results for estimated factors and plug-
ins are based on asymptotic theory. The bootstrap coverage rates use the bootstrap equal-tailed percentile ¢ method.

intervals associated with the factors shift. However, the bias does not have a significant
impact on the estimates for the lags of the dependent variable. Additionally, it is worth

noting that as we exclude the COVID period, the sign of the estimates associated with the
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Table 5: DGP 5 & DGP 6 - Bias and coverage rate of 95% Cls for

N =50 N =100 N =200
T =50 100 200 50 100 200 50 100 200
Ty =150 300 600 | 150 300 600 | 150 300 600

bias

True Factor -0.00 -0.00 -0.00 | -0.00 0.00 -0.00{| 0.00 -0.00 0.00
Estimated Factor -0.09 -0.09 -0.09 | -0.06 -0.05 -0.05]-0.03 -0.03 -0.02
Plug-in -0.07 -0.06 -0.06 | -0.04 -0.04 -0.04|-0.02 -0.02 -0.02
DGP 5: WB -0.03 -0.03 -0.03 | -0.02 -0.02 -0.02 | -0.01 -0.01 -0.01
hetero & AR-sieve+CSD -0.05 -0.05 -0.05|-0.03 -0.03 -0.03]|-0.02 -0.02 -0.02

CSD 95% coverage rate
Estimated Factor 80.9 771 67.6 | 87.8 88.1 86.8 | 90.1 91.9 927
Plug-in 84.6 86.4 86.3 | 88.5 90.2 91.3 | 89.8 92.5 93.6
WB 89.3 87.5 82.7 | 92.1 91.7 91.0 | 929 93.7 94.2
AR-sieve+CSD 90.7 90.3 88.8 | 92.6 925 927 | 92.8 93.9 94.7

bias

True Factor -0.00 -0.00 -0.00 | -0.00 0.00 -0.00{| 0.00 -0.00 0.00
Estimated Factor -0.12 -0.12 -0.12 | -0.07 -0.06 -0.06 | -0.04 -0.04 -0.03
Plug-in -0.06 -0.06 -0.06 | -0.04 -0.04 -0.03|-0.02 -0.02 -0.02
DGP 6: WB -0.03 -0.03 -0.03 | -0.02 -0.02 -0.02 | -0.01 -0.01 -0.01
hetero & AR-sieve+CSD -0.06 -0.06 -0.06 | -0.04 -0.04 -0.04 | -0.03 -0.02 -0.02

CSD+AR 95% coverage rate
Estimated Factor 76.5 70.6 57.1 | 8.8 85.8 &83.0 | 8.7 90.7 90.9
Plug-in 82.3 82.3 79.2 | 8.9 894 894 | 89.2 91.8 934
WB 86.3 82.1 73.2 | 90.7 899 88.0 | 92.3 929 934

AR-sieve+CSD 89.6 879 84.8 | 92.1 922 914 | 928 93.7 945

In DGP 5 and 6, both error terms are heteroskedastic. In DGP 5, the idiosyncratic error term contains the cross-sectional

dependence. In DGP 6, we impose the dependence in both dimensions for the idiosyncratic error terms. For coverage
rates, the results for estimated factors and plug-in are based on asymptotic theory. The bootstrap coverage rates use the
bootstrap equal-tailed percentile ¢ method.

two factors is reversed. Previously, the slope coefficient for the aggregated factors was pos-
itive, whereas it becomes negative without the COVID period. This suggests that monthly

information during the COVID period has a considerable influence on nowcasting the GDP
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growth rate.

Table 6: Estimation result of long period (1984 Q1 - 2019 Q4)

h=2 h=1 h =20

0.87 0.92 0.88
Asymptotic 0.70 1.03 | 0.79 1.06 | 0.75 1.02
constant WB 0.76 1.03 | 0.84 1.09 | 0.77 1.02
AR sieve+CSD | 0.79 1.05 | 0.86 1.11 | 0.79 1.04

-1.10 -1.34 -1.27
Asymptotic | -1.48 -0.73 | -1.67 -1.01 | -1.53 -1.00
first factor WB -1.52 -0.92 | -1.78 -1.20 | -1.61 -1.12
AR sieve+CSD | -1.56 -0.98 | -1.83 -1.27 | -1.66 -1.16

0.09 -0.14 -0.01
Asymptotic -0.67 0.84 | -0.35 0.07 | -0.58 0.56

second

factor WB -0.13  0.26 |-0.40 0.03 [-0.23 0.14
AR sieve+CSD | -0.17 0.24 | -0.48 0.02 | -0.28 0.13

-0.11 -0.19 -0.17
Asymptotic | -0.24 0.03 | -0.31 -0.06 | -0.30 -0.04
Yi—1 WB -0.26  0.00 | -0.33 -0.10 | -0.31 -0.06
AR sieve4+CSD | -0.26 -0.01 | -0.35 -0.11 | -0.31 -0.06

-0.06 -0.09 -0.04
Asymptotic | -0.24 0.12 | -0.24 0.05 | -0.17 0.09
Yi—2 WB -0.24 0.08 |-0.27 0.03 |-0.17 0.08
AR sieve+CSD | -0.24 0.08 | -0.27 0.02 | -0.18 0.07

-0.16 -0.14 -0.15
Asymptotic | -0.29 -0.02 | -0.26 -0.03 | -0.26 -0.03
P3 WB -0.28 -0.04 | -0.26 -0.04 | -0.26 -0.04
AR sieve+CSD | -0.29 -0.04 | -0.27 -0.05 | -0.26 -0.04

The interval based on the asymptotic theory is obtained by adding and subtracting 1.645
times the heteroskedasticity robust standard errors. The confidence intervals based on
bootstrap methods are obtained with equal-tailed bootstrap intervals with a bootstrap
number 4999. WB indicates that we use wild bootstrap and AR sieve + CSD indicates
that we use the bootstrap algorithm described in Section 3 in the main text.
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